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Abstract
The second largest sporadic simple group, the “Baby Monster,” has a maximal subgroup 21+22+ .Co2
which is a non-split extension of an extraspecial group of order 223 by the second sporadic simple Conway
group Co2. The construction of the character table of this group is described.
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1. Introduction
The character tables of the sporadic simple groups were published about 20 years ago in the
famous Atlas of Finite Groups [4] and contain an enormous amount of information on these
groups in a relatively concise form. Since then a program has started to supplement this by the
character tables of the maximal subgroups of these groups, because they are needed for many
applications. At present the character tables of all maximal subgroups of the sporadic simple
groups are known with the exception of some maximal subgroups of the Monster M and the
Baby monster B . In this paper we determine the character table of one of the largest missing
maximal subgroups of B , namely of the group 21+22+ .Co2 which is a non-split extension of an
extraspecial group of order 223 by the second Conway group Co2, see [4]. That the extension
is non-split can also been seen, once the character table has been constructed. This character
table is a 448 by 448 matrix with complex entries. B. Fischer’s method of Clifford matrices is
used, which reduces the task to compute this matrix to the computation of (integral) “Clifford
matrices” which, in our case, have sizes ranging from 2 to 20. The complete character table of
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302 H. Pahlings / Journal of Algebra 315 (2007) 301–32521+22+ .Co2 has been included in the GAP Character Table Library (see [2]). In this library the
table is encoded by the Clifford matrices, which can be retrieved. Thus they are also available
electronically.
2. Clifford matrices
Let G be a finite group with a normal subgroup N and let G = G/N with π :G → G being the
natural epimorphism. In this paper we will always write U = π(U) for any subset (or element)
U of G. The aim is to construct the character table of G from the character tables of G and
of suitable subgroups of G (the inertia factors). The method described in this section is due to
B. Fischer (see [6]). In this section the ground field is always C and character means character
over C. We are using standard notation, see e.g. [8].
The method of Clifford matrices is based on the following well-known result (combine [8,
Hauptsatz V.17.3, Satz V.17.11 and Satz V.17.5]).
Theorem 1 (Clifford). Let ϕ1 = 1N,ϕ2, . . . , ϕt be representatives of the G-conjugacy classes of
irreducible characters of N . Let
Tm = TG(ϕm) =
{
g ∈ G ∣∣ gϕm = ϕm}
be the inertia subgroup of ϕm in G for m = 1, . . . , t . As usual, we define Irr(Tm,ϕm) =
{ψ ∈ Irr(Tm) | (ψN,ϕm)N = 0}. Then
Irr(G) =
t⋃˙
m=1
{
ψG
∣∣ψ ∈ Irr(Tm,ϕm)}.
Also, every ψ ∈ Irr(Tm,ϕm) is of the form ϕ˜m ⊗ ψˆ where ϕ˜m is the character of a projective
extension of the representation corresponding to ϕm to Tm with some factor set αm and ψˆ is the
character of a projective representation of Tm = Tm/N (inflated to a projective representation of
Tm with factor set α−1m ).
We have to fix the notation for the conjugacy classes:
• Let g1 = g1N, . . . , gr = grN be representatives for the conjugacy classes of G = G/N , thus
gi ∈ G for 1 i  r and we assume that g1 = 1.
• π−1(giG) = ⋃˙sij=1gGij and we may assume that π(gij ) = gi and g11 = 1. Of course, s1 is the
number of G-conjugacy classes in N .
• (gij )G ∩ Tm = ⋃˙s(i,j,m)k=1 (gmijk)Tm with gmijk ∈ Tm. We have gm111 = 1 and s(1,1,m) = 1 for all
m.
• giG ∩ Tm = ⋃˙t (i,m)l=1 ymil Tm with ymil ∈ Tm, and we may assume that ym11 = 1. Of course,
t (1,m) = 1, also π((gmijk)Tm) = ymil Tm for some l = (j, k).
We assume that the character tables of G and the inertia factor groups Tm = Tm/N are known
and also the corresponding fusion maps of Tm into G, which means that for every conjugacy
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Tm or, to be more precise, the values of the irreducible (ordi-
nary or projective) characters of Tm on these classes. Observe that by our convention (ϕ1 = 1N )
we always have T1 = G, so t (i,1) = 1, s(i, j,1) = 1, and we may assume that g1ij1 = gij and
y1i1 = gi for 1 i  r .
Keeping the above notation we get for ψ ∈ Irr(Tm,ϕm)
ψG(gij ) =
s(i,j,m)∑
k=1
|CG(gij )|
|CTm(gmijk)|
ψ
(
gmijk
)
=
s(i,j,m)∑
k=1
|CG(gi)|
|CTm(gmijk)|
ϕ˜m
(
gmijk
)
ψˆ
(
gmijk
)
=
t (i,m)∑
l=1
ci(m,l),j ψˆ
(
ymil
)
, (1)
with
ci(m,l),j =
∑
k,(j,k)=l
|CG(gij )|
|CTm(gmijk)|
ϕ˜m
(
gmijk
)
. (2)
Let
Ii =
{
(m, l)
∣∣ 1m t, 1 l  t (i,m), ymil Tm is αm-regular}. (3)
We order Ii lexicographically.
Definition 2. The matrix
Fii = FiG,N
(
gi
G
)= [ci(m,l),j ](m,l)∈Ii ,1jsi
is called the Clifford matrix (or Fischer matrix) corresponding to the class of gi ∈ G.
Remark 3. Observe that in general the Clifford matrices depend on the choice of the projective
extensions ϕ˜m of the irreducible characters ϕm of N . It will quickly turn out that in the case of our
application (G = 21+22+ .Co2, with N = 21+22+ ) all the ϕm can be extended to ordinary characters
of their inertia subgroups—thus αm will always be trivial—and we will make a definite choice
of such an extension (in the cases where the inertia factor group is not perfect).
Then Fi(giG) is a matrix with algebraic integers as entries with si columns, where si is the
number of conjugacy classes of G into which the preimage π−1(giG) splits. It turns out to be a
square matrix. The rows are divided into blocks, each block corresponding to an inertia group
Tm with t (i,m) rows, the number of αm-regular Tm-conjugacy classes in giG ∩ Tm. By our con-
vention the first block corresponds to T1 = G and thus contains just one row, and from ϕ˜1 = 1G
we get ci(1,1),j = 1 for all j .
Also for i = 1 we get, since g1 = g11 = gm = 1 and t (1,m) = s(1,1,m) = 1, that111
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ψG(g1j )
ψ(1)
ϕm(1) for ψ ∈ Irr(Tm,ϕm). (4)
In particular, c1(m,1)1 = [G : Tm]ϕm(1) and, if N is abelian, the first column of Fi1 contains just
the orbit lengths of G on Irr(N).
The Clifford matrices satisfy orthogonality relations which follow from the usual orthogonal-
ity relations for character tables. Keeping the notation as above, let
mij =
[
NG(giN) : CG(gij )
]= |N | |CG(gi)||CG(gij )| ∈ N, (5)
cij =
∣∣CG(gij )∣∣, (6)
bi(m,l) =
∣∣CTm(ymil )∣∣; (7)
so, in particular one has
bi(1,1) =
∣∣CG(gi)∣∣ and
mij · cij = |N |bi(1,1) independent of j.
Then one has (see [6]):
Theorem 4 (Orthogonality relations).
(a)
∑
ρ∈Ii
biρc
i
ρj c
i
ρk = δj,kcij
(
ciρk = complex conjugate of ciρk
)
.
(b) For ρ,σ ∈ Ii one has
∑
j
mij c
i
ρj c
i
σj = δρσ
bi(1,1)
biρ
|N |.
(c) The Fii are square matrices and
∑
j m
i
j = |N |.
We will make essential use of the following lemma [1,5], which says how to decompose a
character χ of G into a sum of characters which are induced up from inertia subgroups, by
forming scalar products of χ with the rows ci(m,l) of the Clifford matrices Fii . These “scalar
products” are defined by
(
χ, ci(m,l)
) := bi(m,l)
bi(1,1)|N |
∑
j
mijχ(gij )c
i
(m,l),j
. (8)
Lemma 5. Let χ =∑tm=1(χ(m))G be a generalized character of G with
χ(m) =
∑
a
(m)
k ψ
(m)
k , ψ
(m)
k ∈ Irr(Tm,ϕm), a(m)k ∈ Z,k
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(
χ, ci(m,l)
)=∑
k
a
(m)
k ψˆ
(m)
k
(
ymil
) (9)
where ψ(m)k = ϕ˜m · ψˆ(m)k with the notation of Theorem 1.
Proof. By (1) and the orthogonality relations (Theorem 4) one gets
(
χ, ci(m,l)
)= bi(m,l)
bi(1,1)|N |
∑
j
mij
(
t∑
m′=1
∑
k
(
a
(
m′)
k ψ
(m′)
k
)G
(gij )
)
ci(m,l),j
= b
i
(m,l)
bi(1,1)|N |
∑
j
mij
t∑
m′=1
∑
k
a
(m′)
k
(∑
l′
ci(m′,l′),j ψˆ
(m′)
k
(
ym
′
il′
))
ci(m,l),j
=
∑
k
a
(m)
k ψˆ
(m)
k
(
ymil
)
. 
Observe, that the ψˆ(m)k (y
m
il ) are known. Thus, if all the Clifford matrices c
i
(m,l)
are given then
by computing the scalar products (8) one can decompose a (generalized) character χ of G into
its pieces belonging to the various inertia groups. But, what is more, Lemma 5 can also be used
if just some of the ci(m,l) are known, in order to obtain linear equations for the integers a(m)k
in (9). In some cases (for instance, if one knows that χ is of small norm) these equations can be
sufficient to determine the a(m)k . On the other hand, if all a
(m)
k are known then the equation
χ(gij ) =
∑
m
∑
l
ci(m,l),j
∑
k
a
(m)
k ψˆ
(m)
k
(
ymil
)
obtained from (1), gives a linear equation for the ci
(m,l),j
.
3. Orbits of Co2 on Irr(21+22+ )
In the rest of this paper we will always assume that G = 21+22+ .Co2 is a maximal subgroup of
the “Baby monster” B where Co2 is Conway’s second sporadic simple group, see the “Atlas” [4].
G is the centralizer of an involution in the conjugacy class 2b of B . We use the GAP-notation
for the conjugacy classes of B , which differs from that in the “Atlas” only in that the labels
are not capitalized. We put N = 21+22+ , the extraspecial group of order 223 with automorphism
group isomorphic to O+22(2) (see [8, p. 357]) and N˜ = N/Z(N) which can be considered as a
22-dimensional F2Co2-module. N˜ affords a faithful representation of Co2 of smallest degree
over F2 and the same holds true for the dual group Hom(N˜,C×) = Irr(N˜) considered as F2Co2-
module. Observe that Co2 has just one faithful irreducible F2Co2-module of degree 22 (see [10]).
Matrices for standard generators of Co2 in this representation can be found in [12]. Using these,
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orbits are
e1 · Co2, (e1 + e3) · Co2,
6∑
i=1
ei · Co2, (e1 + e5 + e10 + e16 + e17 + e18) · Co2
of length 46 575, 1 619 200, 2 049 300, and 476 928, respectively, where the ei are the standard
basis vectors of F222 with 1 in position i and 0 elsewhere. We find
222 − 1 − 46 575 − 1 619 200 − 2 049 300 − 476 928 = 2300
which is precisely the index [Co2 : U6(2).2] = 2300 of the largest maximal subgroup of Co2.
Hence there is just one further non-trivial orbit of length 2300 missing in our list.
A subgroup of Co2 of index 46 575 or 476 928 can be contained only in one maximal subgroup
and must be, in fact, equal to a maximal subgroup isomorphic to 210:M22: 2 or HS.2, respectively
(see [11]). A subgroup of Co2 of index 1 619 200 must be a maximal subgroup U4(3).D8 or it
must have index 704 in a maximal subgroup U6(2).2. But U6(2).2 has no subgroup of this index
as a quick search for a permutation character of this degree reveals. A subgroup of Co2 of index
2 049 300 could be contained in a maximal subgroup isomorphic to U6(2).2 (with index 891) or
210:M22: 2 (with index 44) or 21+8:S6(2) (with index 36) or 21+4+6.A8 (with index 2). We can
discard the last case, because there is no index-2 subgroup in this extension with A8. In the other
cases we can compute the candidates for the permutation characters, because the character tables
of all the maximal subgroups are known and stored in the GAP library of character tables [2]. Al-
together we obtain 5 candidates for a transitive permutation character of Co2 of degree 2 049 300
resulting from a possible subgroup of U6(2).2 (one candidate), 210:M22: 2 (3 candidates), and
21+8:S6(2) (one candidate). We know that all values of the permutation character of Co2 on N˜
are zero or powers of 2, because we have a linear action. Checking this condition we find that
only the last candidate resulting from a maximal subgroup of 21+8:S6(2) is feasible. From the
unique transitive permutation character of 21+8:S6(2) of degree 36 we find that a subgroup of
index 36 is of the form 21+8:S8.
Hence we have found all inertia factor groups Tm = TG(ϕm)/N of the representatives ϕm of
the G-conjugacy classes of irreducible characters of N . This result could also have been deduced
from Table 1 of [11]. The characters ϕ1, . . . , ϕ6 are linear characters of N with Z(N) in their
kernels, whereas ϕ7 is the unique irreducible character of N ∼= 21+22+ of degree 211. We also
know how G/N operates on the elements of N˜ and hence the conjugacy classes of G which are
contained in N ,
T1 =Co2, [Co2 : T1]=1,
∣∣Irr(T1)∣∣= 60,
T2 =U6(2).2, [Co2 : T2]=2300,
∣∣Irr(T2)∣∣= 65,
T3 =210:M22: 2, [Co2 : T3]=46 575,
∣∣Irr(T3)∣∣= 79,
T4 =HS.2, [Co2 : T4]=476 928,
∣∣Irr(T4)∣∣= 39,
T5 =U4(3).D8, [Co2 : T5]=1 619 200,
∣∣Irr(T5)∣∣= 61,
T6 =21+8:S8, [Co2 : T6]=2 049 300,
∣∣Irr(T6)∣∣= 84,
T =Co , [Co : T ]=1, ∣∣Irr(T )∣∣= 60.7 2 2 7 7
H. Pahlings / Journal of Algebra 315 (2007) 301–325 307Thus in our notation s1 = 7 and the elements 1 = g1,1, z = g1,2, . . . , g1,7 with z being the
central involution of N are representatives of the conjugacy classes of G contained in N . These
have lengths
1,1,2 · 2300,2 · 46 575,2 · 476 928,2 · 1 619 200,2 · 2 049 300.
We know that N contains 222 − 211 = 4 192 256 = 2 · (1 619 200 + 476 928) elements of order 4,
which shows that the orders of g1,5 and g1,6 are 4, whereas g1,2, g1,3, g1,4, g1,7 are involutions.
We intend to determine the fusion of these elements into B , that is to find the conjugacy classes
of B which contain g1,j , for j = 2, . . . ,7. Of course g1,2 ∈ 2b. We know the centralizer orders
|CG(g1,j )|. They are
g1,3 g1,4 g1,5 g1,6 g1,7
23836 · 5 · 7 · 11 24032 · 5 · 7 · 11 2323253 · 7 · 11 23236 · 5 · 7 23832 · 5 · 7
B has 10 conjugacy classes of elements of order 4, but for only one of these (for the class 4a)
the centralizer order is divisible by 11. Likewise the conjugacy class 4b of B is the only one
with centralizer order divisible by 36 · 5 · 7. Hence g1,5, g1,6 are in the classes 4a and 4b of B ,
respectively. Similarly, class 2b of B is the only class of involutions in B with centralizer order
divisible by 240, hence g1,4 belongs to this class. g1,3 can be in class 2a or 2b and g1,7 can be
in class 2a or 2b or 2d. Thus we have 6 possible fusion maps of N into B . Using each of these
we restrict the smallest non-trivial character of B to N and compute the scalar product with the
trivial character of N . Only in one case (with g1,3 ∈ 2a and g1,7 ∈ 2d) we obtain an integer,
namely 23. Thus the fusion of N into B is completely determined. The permutation character of
the action of B on the cosets of G has been determined by T. Breuer and K. Lux [3]. Using this
we can find the norms and the scalar products of the restrictions of the irreducible characters χn
of B to G. Since it will be needed later, we list the result for the first 12 irreducible characters
of B in Table 1.
We will make essential use of the restrictions of these characters to G and define (similarly as
in Lemma 5)
χn|G =
7∑
m=1
(
χ(m)n
)G for χn ∈ Irr(B) (10)
Table 1
[(χi |G,χj |G)G]1ji12
1: 1
2: 0 3
3: 1 0 5
4: 0 2 0 6
5: 1 0 5 0 11
6: 0 0 3 0 5 12
7: 0 4 0 6 0 0 22
8: 1 0 7 0 12 10 1 32
9: 0 5 0 10 0 0 27 0 48
10: 0 1 0 7 0 1 14 1 26 36
11: 0 0 1 1 5 10 1 16 2 13 40
12: 0 1 1 1 2 1 13 13 15 16 16 43
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as sums of irreducibles of Tm. Since we know the fusion of N = 21+22+ and Z(N) into B we can
easily get χ(1)n (1) and χ(7)n (1):
an := χ(1)n (1) = (χn|N,1N)N,
bn := χ(7)n (1) = (χn|Z(N),−1Z(N))Z(N)
= 1
2
(
χn(1)− χn(2b)
)
.
Here 1N denotes the trivial character of N and −1Z(N) the non-trivial linear character of Z(N).
We list the relevant values for n = 2,3,4:
n χn(1) (χn|G,χn|G)G an bn χn(1)− an − bn
2 4371 3 23 211 2300
3 96 255 5 276 23 · 211 48 875
4 1 139 374 6 23 276 · 211 574 103
From the first line of the table we see that η := χ(7)2 ∈ Irr(G) is an ordinary character which
extends ϕ7, the unique faithful irreducible character of N . Furthermore η2|N = ϕ27 is the inflation
of the regular character of N/Z(N) ∼= 222 and hence the sum of the orbits of ϕ1, . . . , ϕ6 under G.
From Clifford’s Theorem [8, Satz V.17.11] we conclude, that there are uniquely determined linear
characters ϕ˜m ∈ Irr(Tm) with
η2 =
6∑
m=1
ϕ˜Gm and ϕ˜m|N = ϕm (1m 6). (11)
Thus all the ϕm extend to ordinary characters of their respective inertia subgroups Tm and we do
not have to consider projective characters of Tm. We will use the extensions ϕ˜m defined by (11)
for the definition of the Clifford matrices (see Remark 3). This is a good choice because of the
following consequence.
Lemma 6. In every Clifford matrix Fii (of size si ) of G the sum of the first si − 1 rows equals the
(componentwise) square of the last row.
Proof. By definition (see (2)) we have
t (i,m)∑
l=1
ci(m,l),j = ϕ˜Gm(gi,j ) for m = 1, . . . ,7, j = 1, . . . , si ,
where the right-hand side has to be interpreted as 0, if gi,j is not conjugate to an element of Tm.
Hence the claim follows from (11). 
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return now to the above table. We intend to draw further conclusions about the restrictions of
χ2, χ3 and χ4. Observe that
χn(1)− an − bn =
6∑
m=2
[Co2 : Tm]χ(m)i (1),
that is, the χn(1) − an − bn are integral linear combinations of the indices [Co2 : Tm] with non-
negative coefficients and we easily see that for n = 2,3,4 the only solutions are
2300 = 1 · 2300,
48 875 = 1 · 2300 + 1 · 46 575,
574 103 = 22 · 2300 + 1 · 46 575 + 1 · 476 928.
Thus χ(2)2 , χ
(2)
3 , χ
(3)
3 , χ
(3)
4 and χ
(4)
4 are linear characters of T2, T3, and T4, respectively. Note
that each of these groups has exactly two linear characters. In Table 1 we see, that (χ2, χ3)G = 0,
and (χ3, χ4)G = 0 so χ(2)2 = χ(2)3 and χ(3)3 = χ(3)4 but we do not know yet, which of these is ϕ˜2,
or ϕ˜3 or whether or not χ(4)4 = ϕ˜4. We will show in the next section that
ϕ˜2 = χ(2)3 , ϕ˜3 = χ(3)3 , and ϕ˜4 = χ(4)4 . (12)
This is irrelevant for this section, where we are just considering the first Clifford matrix Fi1,
but we will use the information just for notational convenience.
The character tables of the inertia factor groups T2, . . . , T5 are all known and stored in the
GAP library [2] together with the fusions into Co2. The character table of T6 = 21+8:S8 has been
computed by the author using Clifford matrices and the known table of 21+8:S6(2) in which T5 is
a subgroup of index 36. (Alternatively, one may obtain a matrix-representation of 28:S8 over F2
from [12] and compute the character table of this group using the Dixon–Schneider algorithm.
The faithful characters of 21+8:S8 are then easily obtained using the embedding into 21+8:S6(2).)
The fusion map of 21+8:S8 into Co2 is uniquely determined (up to table automorphisms [7]) from
the character tables of these groups. The character table of T6 is now also available in [2].
We fix some further notation:
Irr(T m) =
{
1Tm = ψˆ
(m)
1 , . . . , ψˆ
(m)
rm
} (13)
where rm is the number of conjugacy classes of T m and we use the ordering of irreducible char-
acters in the GAP-library of character tables [2]. In particular the linear (i.e. degree 1) characters
of T m are ψˆ(m)1 , ψˆ
(m)
2 for m = 2,3,4,6 and ψˆ(m)1 , . . . , ψˆ(m)4 for m = 5. Furthermore, we define
ψ
(m)
k = ϕ˜m · Inf
(
ψˆ
(m)
k
)
, (14)
where Inf denotes the inflation (of a character of T m to Tm). Thus Irr(Tm,ϕm) = {ψ(m)1 , . . . ,
ψ
(m)
rm }. So, for instance, ψ(m)1 = ϕ˜m and η = ψ(7)1 . We abbreviate ψk := ψ(1)k , the inflation of the
kth irreducible character ψˆk of Co2. Furthermore ψ(7) = η ·ψk .k
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χ2|G = ψ2 +
(
ψ
(2)
2
)G + η,
χ3|G = 1G +ψ4 +
(
ψ
(2)
1
)G + (ψ(3)1 )G + ψ(7)2 ,
χ4|G = ψ2 +
(
ψ
(2)
4
)G + (ψ(3)2 )G + (ψ(4)2 )G + η +ψ(7)4 .
Thus by Eq. (4) rows 2 to 4 of the Clifford matrix Fi1 are given by
y2 = (χ2|N − 23 · 1N − ϕ7)(g1,1, . . . , g1,7),
y3 = (χ3|N − 276 · 1N − 23 · ϕ7)(g1,1, . . . , g1,7)− y2,
y4 = (χ4|N − 23 · 1N − 276 · ϕ7)(g1,1, . . . , g1,7)− 22 · y2 − y3.
The 5th and 6th rows of Fi1 cannot be obtained in this manner, but these can be computed
using the orthogonality relations (Theorem 4) for the columns. Except for the two (known) first
columns the sum of the entries in each column must be zero and we obtain for each column a
quadratic equation for one of the unknown values. In each of the 5 cases this has only one integral
solution. So we have obtained the complete Clifford matrix Fi1:
g g1,1 g1,2 g1,3 g1,4 g1,5 g1,6 g1,7
|gG| 1 1 4600 93 150 953 856 3 238 400 4 098 600
in B 1a 2b 2a 2b 4a 4b 2d
(1,1) 1 1 1 1 1 1 1
(2,1) 2300 2300 −516 252 −100 28 −4
(3,1) 46 575 46 575 5103 1519 175 −81 −17
(4,1) 476 928 476 928 −20 736 1792 1024 0 −256
(5,1) 1 619 200 1 619 200 19 712 −2816 0 1024 −768
(6,1) 2 049 300 2 049 300 −3564 −748 −1100 −972 1044
(7,1) 2048 −2048 0 0 0 0 0
Instead of the c1j = |CG(g1,j )| (which we need for the orthogonality relations) we have listed
the class lengths |gG1,j |, because they are smaller. The third line contains the names of the con-
jugacy classes of B , which contain g1,j . Also we have omitted the b1m,1 = |Tm| which can be
obtained by dividing |Co2| by the first entry in row m, except for m = 7, where it is, of course,
equal to |Co2|.
From the character tables of the inertia factor groups Ti and the corresponding fusions we
immediately obtain all the biρ (see (7)) and in particular the sizes of all the Clifford matrices
Fii for the 60 conjugacy classes giCo2 . The result is the following list, which gives for each
conjugacy class giCo2 the number si of conjugacy classes gGij of G = 21+22+ .Co2 into which
π−1(giCo2) splits:
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4c :15 4d :8 4e :14 4f :20 4g :9 5a :3 5b :8 6a :4
6b :6 6c :9 6d :12 6e :13 6f :17 7a :8 8a :7 8b :11
8c :6 8d :6 8e :17 8f :9 9a :5 10a :3 10b :9 10c :10
11a :5 12a :4 12b :7 12c :6 12d :7 12e :4 12f :9 12g :4
12h :11 14a :8 14b :5 14c :5 15a :5 15b :2 15c :2 16a :5
16b :5 18a :5 20a :5 20b :5 23a :2 23b :2 24a :5 24b :5
28a :5 30a :5 30b :2 30c :2
Thus G = 21+22+ .Co2 has 448 conjugacy classes and one can see that the task to compute this
448 × 448-matrix has been reduced to the task to compute 60 square matrices of sizes rang-
ing from 2 to 20. Of course, those of size 2 and 3 can immediately be written down using the
orthogonality relations.
4. The faithful characters
Recall that η ∈ Irr(G) is the extension of the unique faithful irreducible character ϕ7 of the
extraspecial normal subgroup N = 21+22+ . The set of faithful irreducible characters of G is
{ψ(7)i = η ⊗ ψˆi | ψˆi ∈ Irr(Co2)}. In this section we will determine the values of η (and hence
of all faithful irreducible characters of G) and for all elements of the support of η the centralizer
order and the fusion into B . We also will prove the assertions made in (12).
Lemma 7. For each i ∈ {1, . . . ,60} we can order the gij so, that the last row of Fii is of the form
[qi,−qi,0, . . . ,0] with qi a power of 2 and we may choose gi2 = zgi1, where z is the central
involution in G. Also
ci(m,l),1 = ci(m,l),2 =
bi(1,1)
bi(m,l)
for m = 1, . . . ,6, l = 1, . . . , t (i,m). (15)
Proof. The last row of Fii is [η(gi1), . . . , η(gisi )]. From the orthogonality relations (The-
orem 4(b)) we see that some entry must be non-zero. We rearrange the representatives gij so,
that η(gi1) = qi = 0. Then η(zgi1) = −qi . Reordering again, if need be, we may assume, that
zgi1 is conjugate to gi2 in G and we may replace gi2 by zgi1. Since z is in the kernel of ϕ1, . . . , ϕ6
it follows that ci(m,l),1 = ci(m,l),2 for m = 1, . . . ,6 and l = 1, . . . , t (i,m). From the orthogonality
relations (Theorem 4(a)) we conclude, that the last row is indeed of the form [qi,−qi,0, . . . ,0].
So for j = 3, . . . , si the sum of the j th column of Fii is zero by Lemma 6.
Omitting the last row and first column of the Clifford matrices Fii of G we obtain the corre-
sponding Clifford matrices Fii for 222.Co2 ∼= G/Z(G). By the last paragraph the sum of every
column of Fii , except for the first one, is zero. This means that the column
bi(1,1) ·
[(
bi(m,l)
)−1 ∣∣ 1m 6, 1 l  t (i,m)]tr
is orthogonal (with respect to the weights bi(m,l)) to the last si − 2 columns of Fii and by the
orthogonality relations must be equal to the first column, since the first entry must be one. Hence
we get (15).
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Thus (qi)2 must be a power of 2. Interchanging gi1 and gi2, if need be, we may assume that qi
is positive, hence a power of 2. 
Observe, that with (15) (and Lemma 6) we know the first two columns of all the Clifford
matrices and hence the values of all irreducible characters of G on the classes gGi1 and g
G
i2 for
i = 1, . . . ,60. Also the lemma tells us that η is completely known and thus also all faithful
irreducible characters of G.
We can also conclude that all conjugacy classes giG of G = Co2 are “split” with respect to
the extension
1 → N˜ = N/Z(N) → G˜ = G/Z(G) π˜→ G = Co2 → 1
that is, for any such class giG there is some g˜i,j ∈ π˜−1(gi) such that
M˜i := π˜−1
(
CG(gi)
)= C
G˜
(g˜i,j )N˜ .
In fact, since we know (from Section 3) the permutation character of the operation of Co2 on
N˜ = 222 we easily verify that ∣∣C
G˜
(g˜i,1)∩ N˜
∣∣= q2i
and by the above we get ∣∣π˜−1(CG(gi))∣∣= ∣∣CG˜(g˜i,1) N˜ ∣∣
with g˜i,1 = gi,1Z(N). From [6], Lemma (5.3) we can conclude that the rows of the Clifford
matrix Fii are orbit sums of linear characters of N˜/[g˜i,1, N˜ ] under the operation of M˜i . Since in
our case N˜ is an elementary abelian 2-group we conclude that all entries of Fii and hence of Fii
are rational integers. Furthermore from Fischer’s results [6, Lemma 5.4] we obtain
Lemma 8. All entries ciρ,j of Fii are rational integers (1 i  60) and
∣∣ciρ,j ∣∣ ciρ,1 for all ρ ∈ Ii, and 1 j  si .
We are now going to prove the assertions made in (12). We know from the previous section
that
χ2|G = ψ2 + χ(2)G2 + η, η2 =
6∑
m=1
ψ
(m)G
1 . (16)
For brevity we write here and in the sequel ψ(m)Gk for the induced character (ψ
(m)
k )
G
. Just looking
at the degrees, we immediately see the splitting of η2 into its symmetric and antisymmetric parts:
η[2] = ψ1 +ψ(2)G +ψ(3)G +ψ(6)G, η
[
12
]
= ψ(4)G +ψ(5)G. (17)1 1 1 1 1
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χ [2](h) = 1
2
(
χ(h)2 + χ(h2)), χ [12](h) = 1
2
(
χ(h)2 − χ(h2)) (for h ∈ H).
Since η is rational we get from (16)
(
η2, χ2|G
)
G
= (η, η · χ2|G)G =
(
η,η · χ(2)G2
)
G
∈ {0,1}.
We find (η · χ(2)G2 )|N = 2300ηN and, since (η · χ(2)G2 ,1G)G  1 we see that η · χ(2)G2 = ψ · η
with ψ (the inflation of) a character of Co2, for which there are just a few possibilities. Taking
into account that ψ(g) = 0 for all g ∈ G \ T2 we see that there are just two possibilities:
η · χ(2)G2 = η · χ2|G − η ·ψ2 − η2 =
{
η · (1G +ψ4 +ψ6) or
η · (ψ2 +ψ7). (18)
Evaluating the right-hand sides on gi,1 for i = 50 (that is gi is in the class 18a of Co2) we get
(since ψk(gi,1) = 0 for k = 2,4,6 and ψ6(gi,1) = 1)
aη(gi,1)− η(gi,1)2 =
{
2η(gi,1) or
0
where a = χ2(gi,1) ∈ {−2,0,2}, because χ2 takes just these values on elements of order 18 and
36 which are in G. By Lemma 7 we have η(gi,1) > 0; so only for the second alternative we get a
solution (with η(gi,1) = a = 2). Thus η is not a constituent of η · (χ(2)2 )G. Hence (η2, χ2|G)G = 0
and, since T2 has just one non-trivial linear character ψ(2)2 we have
χ
(2)
2 = ψ(2)2 , χ(2)3 = ψ(2)1 = ϕ˜2.
From (18) we get for all g ∈ G with η(g) = 0, that is in our notation for g = gi,1, gi,2 (1 
i  60),
χ2(gi,j ) = (2ψˆ2 + ψˆ7)(gi)+ η(gi,j ) (1 j  2). (19)
For instance, we find from the character table of Co2 and Lemmas 6 and 7 that χ2(g2,1) = 19.
In the character table of B we see that χ2 takes the value 19 only on the classes 2d and 4c. But
|CG(g2,1)| does not divide the centralizer order of an element in 4c in B . Thus g2,1 ∈ 2d.
If χ(3)3 = ψ(3)2 we would get the contradiction χ3(2d) = −4065, thus χ(3)3 = ψ(3)1 = ϕ˜3 and
χ
(3)
4 = ψ(3)2 . Similarly χ(4)4 = ψ(4)1 would imply that χ4(2d) = 18094, which is not the case.
Thus we have proved the assertions made in (12).
Knowing the restrictions of the first three non-trivial irreducibles χ2, χ3, χ4 of B , we can
find the fusion of gi,1, gi,2 into B , that is the conjugacy class of B which contains gi,1, and gi,2,
respectively. Namely, if gi has order o, we look for conjugacy classes of B with elements of
order o, 2 ·o or 4 ·o having centralizer order divisible by |CG(gi,1)| and on which χ2, χ3, χ4 take
the required values. We may also use, that [G : CG(gi,j )] |gBi,j ∩ G| = 1BG(gi,j ) · |G||CB(gi,j )| and
that by Lemma 7 the orders of gi,1, gi,2 are equal, if and only if the order of gi ∈ Co2 is even. It
turns out that the fusion is thereby uniquely determined with the following exceptions:
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i = 59 (30b in Co2) 30g/h 30f i = 60 (30c in Co2) 30h/g 30f
i = 46 (15b in Co2) 15b 30g/h i = 47 (15c in Co2) 15b 30h/g
i = 53 (23a in Co2) 23a/b 46a/b i = 54 (23b in Co2) 23b/a 46b/a
The pairs (30b,30c), (15b,15c) and (23a,23b) are pairs of algebraically conjugate
classes in Co2 and likewise (30g,30h), (23a,23b) and (46a,46b) form such pairs in B . We
are allowed to make consistent choices. To find out which choice for the fusion of g46,2 and g47,2
is consistent with the choice made for i = 59, 60 we consider the scalar products (χ35|G,ψ(7)k )G
for all k = 1, . . . ,60. This is always an integer if and only if g46,2 and g59,1 are in the same class
of B and also gB47,2 = gB60,1. Observe that χ35 and χ36 are the only irreducible characters of B
which take different values on 30g, 30h.
In the last paragraph we already made use of the fact that knowing the fusion of the conjugacy
classes in the support of η into B we can compute all scalar products of the restrictions of
characters of B with all ψ(7)k . In particular, at this point we already know the components χ
(7)
n
for all χn ∈ Irr(B).
5. The smallest Clifford matrices
In the last section we had computed the first two columns of all Clifford matrices together
with the fusion of the corresponding classes into B . In particular, we already have the (trivial)
Clifford matrices of size two,
i gi1 gi2
|CCo2(gi)| 2|CCo2(gi)| 2|CCo2(gi)|
(1, i) 1 1
(7, i) 1 −1
for i ∈ {46,47,59,60,53,54} and, using the orthogonality relations, of size three:
i = 14 gi1 gi2 gi3 i = 30 gi1 gi2 gi3
233 53 263 53 263 53 2553 233 5 263 5 263 5 255
5a 10d 5b 20b 10a 10f 10d 20i
(1,14) 1 1 1 (1,30) 1 1 1
(4,8) 3 3 −1 (4,16) 3 3 −1
(7,14) 2 −2 0 (7,30) 2 −2 0
In these tables the second line contains the centralizer orders |CCo2(gi)| (first column) and
|CG(gi1)|, . . . , |CG(gisi )|. The next line brings the names of the conjugacy class of Co2, and B
which contains gi (first column) and the elements gij , respectively. The remaining row-headings
are the ρ = (m, l) ∈ Ii (see (3)). The row-weights
biρ =
∣∣CCo2(gi)∣∣(ciρ,1)−1
(see (15)) can readily be computed.
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columns (and the orthogonality relations). We start with the tables of size 4. The fusion of the
remaining classes is completely determined by (χ2(gi,j ), χ3(gi,j ), χ4(gi,j )) for j ∈ {3,4}.
i = 5 gi1 gi2 gi3 gi4 i = 16 gi1 gi2 gi3 gi4
27365 212365 212365 21136 21036 27325 212325 212325 21132 21032
3a 6g 3b 6d 12b 6a 6i 6g 6j 12o
(1,5) 1 1 1 1 (1,16) 1 1 1 1
(2,6) 5 5 −3 1 (2,17) 5 5 −3 1
(5,3) 10 10 2 −2 (5,9) 10 10 2 −2
(7,5) 4 −4 0 0 (7,16) 4 −4 0 0
i = 34 gi1 gi2 gi3 gi4 i = 38 gi1 gi2 gi3 gi4
2533 2833 2833 2733 2633 253 283 283 273 263
12a 12m 12b 12n 24f 12e 12o 12m 12s 24k
(1,34) 1 1 1 1 (1,38) 1 1 1 1
(2,30) 1 1 1 −1 (2,32) 1 1 1 −1
(5,32) 2 2 −2 0 (5,33) 2 2 −2 0
(7,34) 2 −2 0 0 (7,38) 2 −2 0 0
i = 40 gi1 gi2 gi3 gi4
243 273 273 263 253
12g 12s 12n 12r 24m
(1,40) 1 1 1 1
(2,34) 1 1 1 −1
(5,60) 2 2 −2 0
(7,40) 2 −2 0 0
We can arrange the columns of the Clifford matrices of size 5 in such a way, that except for
the column and row-headings they are identical, namely
1 1 1 1 1
1 1 1 −1 −1
1 1 −1 1 −1
1 1 −1 −1 1
2 −2 0 0 0
The fusion in most cases is determined by (χ2(gi,j ), χ3(gi,j ), χ4(gi,j )) for j ∈ {3,4,5} and
the information we obtain from the permutation character 1BG. The following table contains the
centralizer orders and the fusion of the corresponding classes. In those cases, where the fusion is
determined at a later stage, we put the results in parentheses.
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2 33 2433 2433 2333 2333 2333 11 2311 2311 2211 2211 2211
9a 9b 18c (18a) (18b) 36a 11a 11a 22b 22a 22b 44a
43 44
227 257 257 247 247 247 227 257 257 247 247 247
14b 14d 14e 28c 28d (28e) 14c 14d 14e 28c 28d (28e)
45 48
2 3 5 243 5 243 5 233 5 233 5 233 5 25 28 28 27 27 27
15a 15a 30d 30b 60a 30e 16a 16d 16c 16h 32a 32b
49 50
25 28 28 27 27 27 2 32 2432 2432 2332 2332 2332
16b 16e 16b 32c 32d 16g 18a 18a 18d 18c 18f 36b
51 52
225 255 255 245 245 245 225 255 255 245 245 245
20a 20i 20b 20g 20j 20j 20b 40b 40a 40c 20h 40d
55 56
233 263 263 253 253 253 233 263 263 253 253 253
24a 24b 24d 48b 24j 48a 24b 24k 24f 24m (24h) ( 24l)
57 58
227 257 257 247 247 247 2 3 5 243 5 243 5 233 5 233 5 233 5
28a 28a 28b (56a) ( 56b) (28e) 30a 30e 30a 30c 60b 30d
So far we have computed the Clifford matrices Fii of G together with the fusion of the corre-
sponding conjugacy classes into B for 23 values of i, namely for i ∈ M with
M := {1,5,14,16,30,33,34,38,40,45,46,47,48,49,50,51,52,53,54,55,58,59,60}.
6. Further restrictions
In order to compute the Clifford matrices of larger size, we will first determine the decompo-
sitions of the restrictions χn|G of further irreducible characters χn ∈ Irr(B). Recall that
χn|G =
7∑
m=1
(
χ(m)n
)G
, χ(m)n =
rm∑
k=1
a
(m)
k,n ψ
(m)
k
(
a
(m)
k,n ∈ N0
)
,
with ψ(m)k ∈ Irr(Tm,ϕm). In Section 4 we had completely determined the decompositions of all
χ
(7)
n , i.e. all a(7)k,n.
Since we have computed Fi1 we can now use Lemma 5 in order to determine dmn =
χ
(m)
n (1) = (χn|G , c1(m,1)) for all χn ∈ Irr(B) and m = 1, . . . ,7. In Table 2 we list χ(m)n (1) for
n ∈ {1, . . . ,12}, and for m = 1, . . . ,6 (although we had already computed the first four lines
above).
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dmn = χ(m)n (1)
n d1n d
2
n d
3
n d
4
n d
5
n d
6
n ‖(χn|G − χ(7)n )‖
1 1 0 0 0 0 0 1
2 23 1 0 0 0 0 2
3 276 1 1 0 0 0 4
4 23 22 1 1 0 0 4
5 2300 23 22 0 1 1 9
6 253 23 22 1 2 0 7
7 2300 276 23 22 2 8 14
8 12 926 275 276 23 43 39 21
9 6325 914 66 100 23 43 27
10 0 1639 254 276 135 165 22
11 0 1408 1023 374 387 367 26
12 31 878 2563 1024 583 455 509 29
We put J (m)n := {k ∈ {1, . . . , rm} | ψ(m)k (1) dmn }. Then
6∑
m=1
∑
k∈J (m)n
a
(m)
k,n
(
ψ
(m)
k
)G = χn|G − χ(7)n . (20)
Let I be the set of pairs (i, j) for which the j th column of Fii is already known, as well as the
fusion or gij into B . Then we can evaluate the right-hand side of (20) and by (1) also (ψ(m)k )G at
all gij for (i, j) ∈ I . Thus we obtain a system of |I | linear equations in the xn :=∑6m=1 |J (m)n |
unknowns a(m)k,n . Let r(n) be the rank of the matrix [(ψ(m)k )G(gij )] with row-indices (i, j) ∈ I
and column-indices in {(m, k) | m = 1, . . .6, k ∈ J (m)n }. At the moment we have |I | = 179 and
we find
n = 5 6 7 8 9
xn = 23 20 34 77 69
r(n) = 23 20 34 76 69
So except for n = 8 we get unique solutions. For this case we use the fact, that (χ8|G,χk|G)G = 0
for k = 2, 4, see Table 1. Thus we may delete from J (m)8 those k for which ψ(m)k is a con-
stituent of χ(m)2 or χ
(m)
4 , thereby reducing the number x8 of unknowns to 72, which is also the
rank of the corresponding matrix. In more complicated cases one may also use the fact, that
the restrictions of rational characters are rational, and the restrictions of p-projective characters
(in the sense of Modular Representation Theory) are p-projective, for primes p (such as here
p ∈ {11,23}), where the p-projectives are known or easily determined. Alternatively, one may
also use Lemma 5 in order to find the a(m)k,n for fixed m, where one has to restrict oneself to those i,
for which Fii is known.
We thus get the decompositions of χn|G for n = 5, . . . ,9. We list the results in Table 3 (con-
taining also the corresponding figures for n = 2,3,4 obtained already in Section 3) by listing the
k’s for which a(m)k,n = 0 and the corresponding multiplicity a(m)k,n as exponent if it is larger than 1.
We leave out the figures for m = 7, since χ(7)n can easily be computed for any n, as we have seen
in the end of Section 4.
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Decomposition of χ(m)n
n m = 1 m = 2 m = 3 m = 4 m = 5 m = 6
2 2 2 . . . .
3 1, 4 1 1 . . .
4 2 4 2 2 . .
5 1, 4, 6 1, 3 1, 3 . 4 1
6 3 1, 3 22 1 1, 3 .
7 2, 7 22, 4, 8 2, 23 4 5 2, 4
8 1, 4, 14 1, 3, 7 12, 3, 22, 36 1, 3 2, 10 1, 2, 3, 23
9 2, 7, 8 22, 42, 8, 16 2, 4, 232 2, 4, 6 5, 9 4, 8, 63
Thus, for example, χ(3)9 = ψ(3)2 +ψ(3)4 + 2 ·ψ(3)23 .
We will use the χ(m)n determined so far in order to compute the Clifford matrices Fii of size
6,7, . . . in the following way: For fixed i ∈ {1, . . . ,60} and r ∈ {1, . . . , | Irr(B)|} define the r × si -
matrix
Xir :=
[
χˆ (m)n
(
ymil
)]
with χˆ (m)n :=
rm∑
k=1
a
(m)
k,n ψˆ
(m)
k .
Here n ∈ {1, . . . , r} is the row-index and (m, l) ∈ Ii is the column-index (see (3)). At the moment
we can write down these matrices for r  9. From the definition of the Clifford matrices we get
the matrix equation
Y ir :=
[
χn(gij )
]
1nr,1jsi = Xir · Fii . (21)
If Xir happens to be non-singular we can compute Fii from (21) provided we know the left-
hand side. More generally, if we can find a row-vector x ∈ C1×r with x ·Xir = ek for a unit-vector
ek we obtain the kth row of Fii as x · Y ir . Similarly we may obtain relations between the rows
of Fii using the same method. We can evaluate the left-hand side of (21) only if we know the
fusion, that is if we know the conjugacy classes of B to which gij belongs. The latter is not the
case at the beginning, of course, but there are some restrictions on the conjugacy classes xBk of
B to which gij may belong. For instance,
ord(xk) ∈
{
ord(gij ),2 · ord(gij ),4 · ord(gij )
}
,
1BG(xk) = 0 and
∣∣CB(xk)∣∣ ∣∣CCo2(gi)∣∣.
If J = J i is the set of those k ∈ {1, . . . , | Irr(B)|} fulfilling these conditions, we form Y = Y i =
[χn(xk)]1nr, k∈J and, if Xir is non-singular, the columns of (Xir )−1 · Y are candidates for the
columns of Fii . Observe that we already know the first and last row of Fii , so we can discard all
candidates which do not yield the correct values in these positions. Also, some candidates may
drop out because the norm of the resulting column which should be |CG(gij )| does not divide
|CB(xk)|.
We demonstrate the procedure with i = 17. The Clifford matrix Fi17 = Fi(6b) has 6 rows. We
may choose r = 6. It turns out that Xi6 is non-singular and |J i | = 28. Discarding those k ∈ J i for
which the kth column of (Xi6)
−1 · Y either contains values which are not integers or for which
the last entry is not in {4,−4,0} we obtain a new 6 × 8-matrix Y with columns
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1 1 1 1 1 1 1 1
1 1 1 −1 5 −1 1 1
4 4 −4 −2 0 2 0 4
6 6 6 0 2 0 −2 −2
4 4 −4 2 −8 −2 0 −4
4 −4 0 0 0 0 0 0
For each column we compute the norm (with respect to the weights biρ ) and find that only in six
cases this value divides the centralizer order |CB(xk)| in B . As another test one could have used
the orthogonality relations. Thus we get the complete Clifford matrix (with the fusion into B):
i = 17 gi1 gi2 gi3 gi4 gi5 gi6
2634 21134 21134 21034 2834 2834 2933
6b 6j 6d 6g 6k 12k 12m
(1,17) 1 1 1 1 1 1
(2,15) 1 1 1 −1 −1 1
(2,44) 4 4 −4 −2 2 0
(5,19) 6 6 6 0 0 −2
(5,43) 4 4 −4 2 −2 0
(7,17) 4 −4 0 0 0 0
In exactly the same way we obtain the Clifford matrices Fii for i ∈ {7,18,23,35,36,37,39}.
Of course, the procedure can only be successful in this simple form, if Xir is non-singular and
this can only be so, if no two elements of {gi,1, . . . , gi,si } fuse into the same class of B . As an
example where this is not the case, we choose i = 26. Again Fi26 = Fi(8d) has size six. This
time we choose r = 9. We find that Xi9 has rank 5, in fact, y ·Xi9 = 0 for
y ∈ Xo = {[−2,−2,−1,−1,0,−1,0,0,0], [−3,−3,−1,0,0,0,−1,0,0],
[2,3,1,1,−1,0,0,−1,0], [6,5,0,0,−1,0,0,0,−1]}.
This time |J i | = 20. From (21) we see that for any column c of Y ir we have c · y = 0 for all
y ∈ Xo. So we cancel all columns ck of Y , for which y · ck = 0 for some y ∈ Xo and Y becomes
a 9×6-matrix. We find yl ·Xi9 = el for l ∈ {1,2,3,6} with y1 = e1, y2 = [1, 12 , 12 , 12 ,0,0,0,0,0],
y3 = [0, 12 , 12 ,− 12 ,0,0,0,0,0], and y6 = [1,1,0,0,0,0,0,0,0]. Thus for l ∈ {1,2,3,6} the en-
tries of the lth row of Fii are in yl · Y . The following table lists yl · Y for l ∈ {1,2,3,6}, the
column headings are the names of the corresponding classes in B . Furthermore we have printed
(as first column) the row-weights biρ for the corresponding rows of Fii .
xBk : 8h 8f 8m 8n 16c 16e
biρ |CB(xk)|: 2193 219 215 2123 211 211
29 y1 · Y : 1 1 1 1 1 1
29 y2 · Y : 1 1 1 −1 1 3
28 y3 · Y : 2 2 2 0 −2 0
29 y6 · Y : 4 −4 0 0 0 0
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211 < 29 · (1 + 32). Also, since the column sums in Fii are zero except for the first two columns,
orthogonality with the (known) first column shows, that the 4th and 5th entry in a column fusing
to 8n or 16c must be zero, and only 8m ∩ π−1(8d) can split up into two conjugacy classes.
Using the orthogonality relations and centralizer orders in B we obtain the complete Clifford
matrix:
i = 26 gi1 gi2 gi3 gi4 gi5 gi6
29 214 214 213 212 210 211
8d 8h 8f 8m 8m 8n 16c
(1,26) 1 1 1 1 1 1
(3,22) 1 1 1 1 −1 1
(3,56) 2 2 2 2 0 −2
(6,26) 4 4 4 −4 0 0
(6,76) 8 8 −8 0 0 0
(7,26) 4 −4 0 0 0 0
Similarly we obtain the Clifford matrices Fii for i ∈ {10,15,25,28,31}.
We conclude this section with a slightly more complicated example, namely we take i = 42.
The size of Fii = Fi(14a) is 8 and Xi9 has rank 6. As in the last example we immediately find
that the only candidates for the conjugacy classes of B to which the elements gi,j (3 j  8),
may belong are 14a, 14c, 14d, 14e, 28b, 28d. This time we can solve yl · Xi9 = el only for
l = 1,7, but we find for l = 2,5,6 vectors yl,8 ∈ Q1×6 with yl,8 · Xi9 = el − e8. Since we know
the last row of Fii we obtain the possible values in the 2, 5, 6th rows of Fii . Concerning the third
and fourth row we know from Lemma 8 that the values here must be in {−2,−1,0,1,2} and
also the column sums must be 0 (see Section 3). Using this and the condition that |CG(gi,j )|
must divide the corresponding centralizer order in B we find that the only candidates for the
3rd, . . . ,8th column are
14e 14e 14e 14c 14d 28b 28d
1 1 1 1 1 1 1
0 0 0 2 −4 0 −2
−2 0 2 0 2 −2 0
2 0 −2 0 2 −2 0
0 0 0 −2 −4 0 2
−2 −2 −2 0 2 2 0
1 1 1 −1 1 1 −1
0 0 0 0 0 0 0
We have to delete the second column, because it is orthogonal only to the last four columns. So
we obtain Fi42:
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237 287 287 267 267 257 277 267 257
14a 14e 14a 14e 14e 14c 14d 28b 28d
(1,42) 1 1 1 1 1 1 1 1
(2,59) 4 4 0 0 2 −4 0 −2
(3,76) 2 2 2 −2 0 2 −2 0
(3,78) 2 2 −2 2 0 2 −2 0
(4,35) 4 4 0 0 −2 −4 0 2
(5,26) 2 2 −2 −2 0 2 2 0
(6,49) 1 1 1 1 −1 1 1 −1
(7,42) 4 −4 0 0 0 0 0 0
The Clifford matrices Fi6, Fi13, Fi22, and Fi32 are obtained in a similar manner. Needless to
say, that the methods explained in this section have been implemented and most of the results are
obtained automatically. The programs can be found in [9].
7. Further iterations
At this point we have the Clifford matrices Fii for 47 values of i, and we can use this to com-
pute the restrictions of χn for n = 10,11,12. As in the last section, let χ(m)n =∑k∈Jm a(m)k,n ψ(m)k
and in Table 4 we list the k’s for which a(m)k,n = 0 and the corresponding multiplicity a(m)k,n as
exponent if it is larger than 1.
These restrictions can be used in order to obtain the remaining Clifford matrices Fii similarly
as in the last section. But the situation now is somewhat more complicated, the matrices Xi12 are
all singular, in fact in some cases the “corank” cr12(i) = si − Rk(Xi12) is not really small (recall
that Xi12 ∈ Z12×si with si being the size of Fii ). We list these together with the sizes of the Fii in
the following table.
i: 2 3 4 8 9 11 12 19 20 21 24 27 41
si : 12 12 18 13 15 14 20 12 13 17 11 17 11
cr12(i): 2 2 7 1 3 2 10 1 2 6 1 5 2
Even in the cases where the corank is 1 or 2 we usually get too many candidates for the
columns of Fii using only the orthogonality relations and the information about the centralizer
orders as in the last section. A much more stringent test is to compute the “class multiplication
Table 4
Decomposition of χ(m)n
n m = 1 m = 2 m = 3 m = 4 m = 5
10 4, 6, 22 2, 23, 37 22, 4, 6, 11 3, 5, 7, 9, 17
11 3, 21 22, 38, 61 1, 2, 3, 10, 11 1, 32, 4, 7, 10, 15, 17, 22
12 18 2, 8, 20 1, 23, 36, 62 3, 4, 9, 13 5, 7, 10, 19, 32
n m = 6 m = 7
10 10, 63, 64, 66 1, 3, 42, 6, 142, 18, 19, 33
11 3, 30, 64, 65, 66 2, 72, 8, 14, 182, 20, 28, 41
12 22, 3, 4, 8, 23, 26, 37, 64, 66 4, 7, 142, 18219, 28, 33, 41
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finite group G the class multiplication constants are non-negative integers defined by
aklm = |G||CG(gk)||CG(gl)|
∑
χ∈Irr(G)
χ(gk)χ(gl)χ(g
−1
m )
χ(1)
.
Here the gk , gl , gm are representatives of the conjugacy classes of G. In our case we can compute
the aklm for all classes which correspond to known columns of Clifford matrices of our group G.
Since by now we have computed 263 columns of the Clifford matrices (and thus know 263 of the
448 columns of the character table of G) testing whether or not the aklm are non-negative integers
provides a very good test for the candidates for the missing columns. In fact, we obtain unique
solutions for the Clifford matrices Fii for i = 2,3,8,11,19,20,24,41. Using these matrices
we can obtain the restrictions of further irreducibles χn of B and can iterate the process. We
computed the decompositions of the χn up to n = 20, but we do not give the details here. The
following table shows how the coranks drop for the remaining indices:
i: 4 9 12 21 27
si : 18 15 20 17 17
cr13(i): 6 3 9 6 5
cr14(i): 6 2 9 6 4
cr15(i): 5 2 8 5 3
cr16(i): 5 2 7 4 3
cr17(i): 5 2 7 3 3
cr18(i): 5 2 7 2 3
cr19(i): 5 2 6 2 3
cr20(i): 5 2 6 2 3
8. The largest Clifford matrices
For the largest Clifford matrices Fi4 and Fi12 of size 18 and 20 respectively, the methods used
so far are not quite sufficient. Even trying to decompose the restrictions of further irreducible
characters of B would not help, the corank of the matrices Xin does not drop below 5. We will
obtain more relations between the rows of Fii using other methods.
First, we put i := 4 and find that although the rank of Xi15 is 13 we get a vector x with
x ·Xi15 = e4 and hence we get the values of the 4th row of Fii :
2c 2d 4a 4b 4c 4d 4f 4g 4h 4j 8b 8c 8e
r4: 1 1 1 1 1 1 1 1 1 1 −1 −1 −1
This row corresponds to a linear character and thus we know that for any row rk of Fii the
(componentwise) product r4 · rk must also be a row of Fii . But we know all values of the first
two columns (corresponding to the classes 4b and 4a) and see that r4 · rk = rk for k ∈ M =
{1,3,4,8,10,16}. Thus in the columns of Fii corresponding to 8b, 8c, 8e all entries must be
zero except possibly those in rows k for k ∈ M . Only rows r2 and r3 belong to T2, they have row-
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respectively. Since χ2|G = ψ2 +ψ(2)G2 + η we get r2 − r3, namely
ci(2,4),j − ci(2,39),j = χ2(gi,j )− ψˆ2(gi) for 3 j  18.
Looking up the values in the character tables of B and Co2 we get the values of r3 at the positions
corresponding to 8b, 8c, 8e, namely
−χ2(8b,8c,8e)+ [−1,−1,−1] = [−8,8,0].
Similarly we get from the restriction of χ4 the corresponding values of row r8 (the corresponding
row-index is (4,3)), namely [−16,−16,16]. From the above we see that
r16 = r4 · r3, r10 = r4 · r8
and we actually also know the columns of Fii corresponding to 8b,8c,8e.
In order to obtain further relations between the rows of Fii we look at symmetrizations. In the
beginning of Section 4 we had already seen the decompositions of the symmetrizations η[2] and
η[12]. Since η vanishes on all gi,j for j > 2 we conclude from (17) that for any gi,j with j > 2
and such that η((gi,j )2) = 0 we get that not only the whole column sum is 0 but also the partial
sums
∑
m=1,2,3,6,(m,l)∈Ii
ci(m,l),j = 0,
∑
m=4,5,(m,l)∈Ii
ci(m,l),j = 0.
Of course, we have to have some information about the (second) power map, in order to see, for
which i, j these equations hold true. The power map in B is helpful in this respect.
In addition, the symmetrizations of ψ(2)k for k = 1,2 yield further relations. From the character
table of B we know that
χ
[2]
2 = χ1 + χ3 + χ5, χ [1
2]
2 = χ6,
χ
[2]
3 = χ1 + χ3 + χ5 + χ8 + χ13, χ [1
2]
3 = χ6 + χ14.
We know that χ2|G = ψ2 + ψ(2)G2 + η. Furthermore the symmetrizations of ψ2 and η are
known, as well as the product ψ2 · η. Hence we obtain from the decomposition of χn|G for
n = 6,1,3,5 (see Table 3 in Section 6)
(
ψ
(2)G
2
)[12] = ψ(3)G22 +ψ(5)G3 ,
ψ2 ·ψ(2)G2 =
(
ψ
(2)
1 +ψ(2)3
)G
,(
ψ
(2)G
2
)[2] = ψ1 +ψ4 +ψ6 + (ψ(3)1 +ψ(3)3 )G +ψ(5)G4 .
The corresponding analysis for χ3|G would be more complicated. But we can easily compute
from Fi1 for k = 1,2
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ψ
(2)G
k
)[2]∣∣
N
= 2300 · 1N + 22 ·ψ(3)1
∣∣
N
+ψ(5)1
∣∣
N
,(
ψ
(2)G
k
)[12]∣∣
N
= 22 ·ψ(3)1
∣∣
N
+ψ(5)1
∣∣
N
.
Since the irreducible constituents of (ψ(2)G1 )
[12] are to be found among the irreducible con-
stituents of (χ6 + χ14)|G (and similarly for (ψ(2)G1 )[2]) we get
(
ψ
(2)G
1
)[12] = ψ(3)G22 +ψ(5)G1 ,(
ψ
(2)G
1
)[2] = ψ1 +ψ4 +ψ6 + (ψ(3)1 +ψ(3)3 )G +ψ(5)G2 .
It also follows that
(
ψ
(2)G
1
)2 − (ψ(2)G2 )2 = (ψ(5)1 +ψ(5)2 −ψ(5)3 −ψ(5)4 )G. (22)
Since giCo2 ∩ T2 = y2i,4T2 ∪ y2i,39T2 and
ψ
(2)
2
(
y24,l
)= {1 for l = 4,−1 for l = 39
we have
ψ
(2)G
1 (g4,j ) = c4(2,4),j + c4(2,39),j , ψ(2)G2 (g4,j ) = c4(2,4),j − c4(2,39),j .
Similarly we find (ψ(5)1 +ψ(5)2 −ψ(5)3 −ψ(5)4 )G(g4,j ) = 4 c4(5,40),j and we get from (22)
c4(2,4),j · c4(2,39),j = c4(5,40),j for 1 j  s4 = 18
that is, since (5,40) is the label for the 11th row of Fii , we have
r2 · r3 = r11. (23)
These relations are sufficient to complete the Clifford matrix Fi4 including the fusion into B .
The case of i = 12 is quite similar, in fact, we get exactly the same relation (23). Although
the size of Fi12 is slightly larger, the computations are easier due to the fact that by Lemma 8 we
have much smaller bounds for the entries in this Clifford matrix.
We close by indicating, how to obtain the computed Clifford matrices electronically. In the
GAP Character Table Library [2] the character table of G is obtained by
gap> t := CharacterTable( "2^(1+22).Co2" );
As mentioned in the introduction, the table is encoded by the Clifford matrices. These are stored
in a packed form. The ith Clifford matrix Fii is obtained by
gap> UnpackedCll( ConstructionInfoCharacterTable( t )[2][3][ i ]);
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